Recently Lemahieu and Van Proeyen proved the monodromy conjecture on topological zeta functions for all non-degenerate surface singularities. In this short note, we obtain some higher-dimensional analogues of their results to confirm the conjecture for non-degenerate hypersurfaces in higher dimensions. In particular, we show that the candidate poles of topological zeta functions contributed only by B 1 -pyramid facets are not actual poles.
Introduction
Over the fields R and C it is well-known that the poles of the local zeta function associated to a polynomial f are contained in the set of the roots of the Bernstein-Sato polynomial. By a celebrated theorem of Kashiwara and Malgrange, this implies that for any such a pole s 0 ∈ C the complex number exp(2πis 0 ) ∈ C is an eigenvalue of the monodromies of the complex hypersurface defined by f . Igusa predicted a similar beautiful relationship between the poles of p-adic integrals and the complex monodromies. This is now called the monodromy conjecture (see Nicaise [17] for an excellent review on it). Later in [4] Denef and Loeser introduced the local topological zeta function Z top,f (s) associated to f and proposed a weaker version of the monodromy conjecture. For important contributions to this Denef-Loeser conjecture, see Loeser [11] , [12] , Artal Bartolo-Cassou-Noguès-LuengoMelle Hernández [2] , Veys [22] etc. Recently Lemahieu-Van Proeyen [10] proved it for all non-degenerate surface singularities. The aim of this short note is to exploit to what extent the results of [10] hold true in higher dimensions. In Section 3, as a straightforward generalization of the notion of B 1 -facets in [10] we introduce B 1 -pyramid facets of the Newton polyhedron Γ + (f ) of f and show that the candidate poles of Z top,f (s) contributed only by them are fake i.e. not actual poles. Moreover in Section 4, following the strategy of [10] we prove some partial results to show that the candidate poles of Z top,f (s) contributed by some non-B 1 -pyramid facets of Γ + (f ) yield monodromy eigenvalues. In this way, we can confirm the monodromy conjecture of Denef-Loeser [4] for non-degenerate hypersurfaces in many higher-dimensional cases.
The monodromy conjecture for topological zeta functions
In this section, we briefly recall the monodromy conjecture for local topological zeta functions in [4] and related results. Let f : (C n , 0) −→ (C, 0) be a germ of a non-trivial analytic function. We assume that f is defined on an open neighborhood X of the origin 0 ∈ C n . Let π : Y −→ X be an embedded resolution of the complex hypersurface f −1 (0) ⊂ X and E j (j ∈ J) the irreducible components of the strictly normal crossing divisor π −1 (f −1 (0)) ⊂ Y . For j ∈ J we denote by N j (resp. ν j − 1) the multiplicity of the divisor associated to f • π (resp. π
In [4] Denef and Loeser defined the local topological zeta function Z top,f (s) ∈ C(s) associated to f (at the origin) by
where χ(·) denote the topological Euler characteristics. More precisely, they introduced Z top,f (s) by p-adic integrals and showed that it does not depend on the choice of the embedded resolution π : Y −→ X by algebraic methods. Later in [5] and [6] , they redefined Z top,f (s) by using the motivic zeta function of f and reproved this independence of π more elegantly. For a point
the Milnor monodromies associated to it. Then the monodromy conjecture of Denef-Loeser [4] for the local topological zeta function Z top,f (s) is stated as follows.
Conjecture: (Denef-Loeser [4, Conjecture 3.3.2]) Assume that s 0 ∈ C is a pole of Z top,f (s). Then exp(2πis 0 ) ∈ C is an eigenvalue of the monodromy Φ j,x :
In [4] the authors also fomulated an even stronger conjecture conerning the BernsteinSato polynomial b f (s) of f . Namely they conjectured that the poles of Z top,f (s) are roots of b f (s). From now on, we assume that f is a non-trivial polynomial on C n such that f (0) = 0 and introduce the results of Denef-Loeser [4, Section 5] and Varchenko [21] . For
We denote by Γ + (f ) ⊂ R n + the convex hull of ∪ v∈suppf (v + R n + ) in R n + and call it the Newton polyhedron of f at the origin 0 ∈ C n .
Definition 2.1. (see Kouchnirenko [9] and Oka [19] etc.) We say that f is non-degenerate if for any compact face τ ≺ Γ + (f ) of Γ + (f ) the complex hypersurface
n is smooth and reduced, where we set
It is well-known that generic polynomials having a fixed Newton polyhedron are nondegenerate. For a = (a 1 , . . . , a n ) ∈ R n + we set N(a) = min
and
We call F (a) the supporting face of the vector a ∈ R
, where a(i) are linearly independent over R and primitive. Let aff(∆) ≃ R l be the affine span of ∆ in R n and s(∆) ⊂ ∆ the l-dimensional lattice simplex whose vertices are a(1), . . . , a(l) and the origin 0 ∈ ∆ ⊂ R n + . We denote by mult(∆) ∈ Z >0 the l-dimensional normalized volume Vol Z (s(∆)) of s(∆) i.e. the l! times of the usual volume of s(∆) with respect to the affine lattice aff(∆) ∩ Z n ≃ Z l in aff(∆). By using this integer mult(∆) ∈ Z >0 we set
(2.10)
According to [4, Lemme 5.1.1], this rational function J τ (s) does not depend on the choice of the decomposition of τ • . It is also well-known that we can decompose τ • into rational simplicial cones without adding new edges. Then we have the following formula for
is non-degenerate. Then we have
where in the sum γ (resp. τ ) the face γ ≺ Γ + (f ) (resp. τ ≺ Γ + (f )) ranges through the vertices of Γ + (f ) (resp. the compact ones such that dimτ ≥ 1) and Vol Z (τ ) ∈ Z >0 is the (dimτ )-dimensional normalized volume of τ with respect to the affine lattice
+ be its primitive conormal vector and set N(τ ) = min
It follows from Theorem 2.2 that the poles of Z top,f (s) are contained in the finite set
Its elements are called candidate poles of Z top,f (s). We say that a candidate pole
. Finally we recall the result of Varchenko [21] .
For a subset S ⊂ {1, 2, . . . , n} we define a coordinate subspace
For a face τ ≺ Γ + (f ) of Γ + (f ) we take the minimal coordinate subspace R S of R n containing τ and set s τ = |S|. If τ satisfies the condition dimτ = s τ − 1 we set 18) where d τ ∈ Z >0 is the lattice distance of the affine hyperplane aff(τ ) ≃ R dimτ in R S from the origin 0 ∈ R S and Vol 19) where in the product τ the face τ ≺ Γ + (f ) ranges through the compact ones satisfying the condition dimτ = s τ − 1.
To end this section, we note the following simple fact. For a face τ ≺ Γ + (f ) we define its lattice distance d τ ∈ Z >0 to be that of the affine hyperplane aff
Proof. We may assume that γ is a facet of τ . Let Σ 0 be the dual fan of Γ + (f ) and Σ its smooth subdivision. Then there exists an (n − dimγ)-dimensional smooth cone ∆ ∈ Σ contained in γ and let a(1) , . . . , a(l) ∈ Z n + be the primitive vectors on the edges of ∆. Then it is easy to see that for any v ∈ γ we have
We have also a similar description of d τ in terms of the primitive vectors on the edges of ∆ ∩ τ • ≺ ∆. If we use a point v ∈ γ ≺ τ to express d γ and d τ simultaneously, we find d γ |d τ . This completes the proof.
Fake poles of topological zeta functions
In this section, we define B 1 -pyramid facets of the Newton polyhedron Γ + (f ) and show that the candidate poles of Z top,f (s) contributed only by them are fake i.e. not actual poles. Our definition is a straightforward generalization of that of Lemahieu-Van Proeyen [10] .
For a subset S ⊂ {1, 2, . . . , n} let π S :
1. We say that τ is a B 1 -pyramid of compact type for the variable v i if τ is a compact pyramid over the base γ = τ ∩ {v i = 0} and its unique vertex P ≺ τ such that P / ∈ γ has height one from the hyperplane {v i = 0} ⊂ R n + .
2. We say that τ is a B 1 -pyramid of non-compact type if there exists a non-empty subset S ⊂ {1, 2, . . . , n} such that τ is non-compact for S and
is a B 1 -pyramid of compact type for some variable v i (i / ∈ S).
3. We say that τ is a B 1 -pyramid if it is a B 1 -pyramid of compact or non-compact type.
Let f (x) be a polynomial on C n such that f (0) = 0.
Proposition 3.2. Assume that f is non-degenerate and let τ ≺ Γ + (f ) be a B 1 -pyramid facet of Γ + (f ). Assume also that the candidate pole
of Z top,f (s) is contributed only by τ . Then s 0 is fake i.e. not an actual pole of Z top,f (s).
Proof. Since the proof for B 1 -pyramids of non-compact type is similar, we prove the assertion only for B 1 -pyramids of compact type. Assume that τ is a compact pyramid over the base γ = τ ∩{v i = 0} and its unique vertex P ≺ τ such that P / ∈ γ has height one from the hyperplane {v i = 0} ⊂ R n + . First let us consider the simplest case where γ and hence τ are simplices. Let A 1 , A 2 , . . . , A n−1 be the vertices of γ. For 1 ≤ i ≤ n − 1 denote by σ i the facet of τ whose vertices are P and A j (j = i). As in the proof of [10, Proposition 14] let τ i ≺ Γ + (f ) (1 ≤ i ≤ n − 1) (resp. τ 0 ≺ Γ + (f )) be the unique facet of Γ + (f ) such that σ i ≺ τ i and τ i = τ (resp. γ ≺ τ 0 , τ 0 = τ and τ 0 ⊂ {v i = 0}). Then it is easy to see that the primitive conormal vector a(τ ) ∈ Z n + of τ is in the interior of the cone generated by a (τ 1 ), . . . , a(τ n−1 ) and a(τ 0 ) = (0, 0, . . . , 0, 1, 0, . . . , 0) . For 1 ≤ i ≤ n − 1 denote by V A i the normalized volume of the (n-dimensional) convex hull of 0 ∈ R n , a(τ ), a(τ 0 ) and a(τ j ) (j = i). Also we denote by V P the normalized volume of the (n-dimensional) convex hull of 0 ∈ R n , a(τ ) and a(τ 1 ), . . . , a(τ n−1 ). Finally we set l(τ )(s) = N(τ )s + ν(τ ) and
. Then by the argument in Case 1 of the proof of [10, Proposition 14] we obtain an equality
modulo holomorphic functions at s 0 ∈ C. In order to prove the assertion, it suffices to show that the polynomial in the right hand side of the equality
is divided by the factor l(τ )(s) = N(τ )s + ν(τ ). Let w ∈ Z n + be the coordinate of the point P ∈ τ ⊂ R n + for which we have a(τ 0 ), w = 1. Let V be the normalized volume of the (n-dimensional) convex hull of 0 ∈ R n and a(τ 0 ), a(τ 1 ), . . . , a(τ n−1 ). Now observe that we have the geometric equality
(3.4)
Then we obtain
and the proof for the case where γ and τ are simplices is now complete. Now let us consider the general case where τ is a B 1 -pyramid of compact type over the base γ ≺ τ . Let A 1 , A 2 , . . . , A m (m ≥ n − 1) be the vertices of γ. For 1 ≤ i ≤ m we denote the dual cone A
Similarly we set C P = P
• . Then we have
In order to construct nice decompositions of C P , C A 1 , . . . , C Am into n-dimensional rational simplicial cones, we shall introduce a new dummy vector b ∈ IntC P ∩ Z n + satisfying the condition
as follows. First, by our assumption s 0 = −1 the coordinate vector w = ( * , * , . . . , * , 1, * , . . . , * ) ∈ Z n + of the summit P of the pyramid τ is not parallel to the vector 
Then for a sufficiently large lattice vector b ∈ IntC P ∩ Z n + we can achieve the desired condition N(b)s 0 + ν(b) = 0. Let F 1 , F 2 , . . . , F l be the facets of the cone C P containing the edge τ • = R + a(τ ) ≺ C P of C P . We decompose the cones F 1 , F 2 , . . . , F l into (n − 1)-dimensional rational simplicial cones without adding new edges. Let ∆ 1 , . . . , ∆ r be the (n − 1)-dimensional cones thus obtained containing the edge τ • = R + a(τ ). For 1 ≤ i ≤ r let ρ i,1 , . . . , ρ i,n−2 ∈ ∂C P be the primitive vectors on the edges of ∆ i such that ρ i,j / ∈ τ • = R + a(τ ) and define an n-dimensional rational simplicial cone ✷ i by
Note that we have a(τ ) ∈ Int(✷ 1 ∪ · · · ∪ ✷ r ). Then by applying our previous argument in this proof to (the primitive vectors on the edges of) the simplicial cones ✷ 1 , . . . , ✷ r we can show that s 0 ∈ C is not a pole of Z top,f (s). Here we used the fact that there are nice cancellings among the contributions from the faces of ✷ 1 , . . . , ✷ r to Z top,f (s) (see Denef-Loeser [4, Lemme 5.
1.1]). This completes the proof.
We can show also a similar result in the case where a candidate pole of Z top,f (s) is contributed by several (adjacent) B 1 -pyramid facets of Γ + (f ). Indeed we can obtain the higher-dimensional analogues of the results in the proof of [10, Proposition 14] . In this way, we see that the candidate poles of Z top,f (s) contributed only by B 1 -pyramid facets of Γ + (f ) are fake.
Candidate poles and eigenvalues of monodromies
In this section, we introduce some higher-dimensional analogues of the results in Lemahieu-Van Proeyen [10, Section 3] . Let f (x) be a polynomial on C n such that f (0) = 0. Also for lattice simplices τ contained in compact facets of Γ + (f ) we define
similarly and use them freely in this section.
Proposition 4.1. Let τ ≺ Γ + (f ) be a compact facet such that γ = τ ∩{v i = 0} is its facet. Then ζτ ζγ ∈ C(t) is a polynomial of t. If we assume moreover that τ is not a B 1 -pyramid for the variable v i , then λ = exp(−2πi
) ∈ C is a root of the polynomial.
Proof. By Lemma 2.4 we can easily prove that ζτ ζγ ∈ C(t) is a polynomial. Let us prove the remaining assertion. If τ is not a pyramid over γ = τ ∩ {v i = 0}, then we have Vol Z (τ ) > Vol Z (γ) and the assertion is obvious. So it suffices to consider the case where τ is a pyramid over γ = τ ∩ {v i = 0} but its unique vertex P ≺ τ such that P / ∈ γ has height h ≥ 2 from the hyperplane {v i = 0} ⊂ R n + . In this case, we define two hyperplanes H τ and L τ in R n by
Note that P ∈ τ ⊂ H τ and L τ is the hyperplane passing through the point (1, 1, . . . , 1) ∈ R n + and parallel to H τ . Moreover the affine subspace L τ ∩ {v i = 0} ⊂ R n is parallel to the affine span H τ ∩{v i = 0} ⊂ R n of γ = τ ∩{v i = 0}. This implies that λ = exp(−2πi
On the other hand, it is easy to see that the affine subspace
and the lattice height of the pyramid τ from its base γ = τ ∩ {v i = 0} is ≥ 2 i.e. Vol Z (τ ) ≥ 2Vol Z (γ). This implies that the polynomial ζτ ζγ is divided by the factor t − λ. This completes the proof. Proposition 4.2. Let τ be an (n − 1)-dimensional lattice simplex contained in a compact facet of Γ + (f ). Assume that there exist 1 ≤ i < j ≤ n such that γ 1 = τ ∩ {v i = 0} and γ 2 = τ ∩ {v j = 0} are facets of τ and hence σ = γ 1 ∩ γ 2 = τ ∩ {v i = v j = 0} is their common facet. Then
is a polynomial of t. If we assume moreover that τ is not a B 1 -pyramid, then λ = exp(−2πi
Proof. First let us consider the case n = 3. In Case 3 of the proof of [10, Section 3] Lemahieu and Van Proeyen gave a proof of this case. However we give here a more geometric proof in order to generalize it to higher dimensions. In the case n = 3 we may assume that τ is a triangle with vertices Q, A, B such that γ 1 = QA, γ 2 = QB and σ = Q and
where p, q, a, b ∈ Z >0 , k, l ∈ Z and gcd(a, k) = gcd(b, l) = 1. Then it is easy to show that Vol Z (τ ) = pqgcd(a, b), Vol Z (γ 1 ) = p and Vol Z (γ 2 ) = q. Moreover we have
Let µ ∈ C be a root of ζ τ . If µ is a common root of ζ γ 1 , ζ γ 2 , ζ σ , then the multiplicity of the factor t − µ in Z τ is
If µ is a common root of ζ γ 1 , ζ γ 2 but not that of ζ σ , then we have gcd(a, b) ≥ 2 and the multiplicity of the factor t − µ in Z τ is
In this way, we can prove that Z τ is a polynomial of t. Now let us prove the remaining assertion for λ = exp(−2πi
) ∈ C. Since τ is not a B 1 -pyramid, its heights from the two coordinate hyperplanes {v 1 = 0}, {v 2 = 0} ⊂ R 3 are ≥ 2. If λ is not a common root of ζ γ 1 and ζ γ 2 , then by the proof of Proposition 4.1 we can easily show that λ is a root of Z τ . So, from now on, we assume that λ is a common root of ζ γ 1 and ζ γ 2 . If moreover one of the heights of τ from {v 1 = 0}, {v 2 = 0} ⊂ R 3 is ≥ 3, then it follows from the proof of Proposition 4.1 that the multiplicity of the factor t − λ in Z τ is
This implies that λ is a root of Z τ . So let us assume that both of the heights of τ from {v 1 = 0}, {v 2 = 0} ⊂ R 3 are 2. By our assumption and the proof of Proposition 4.1, both of the two affine lines
are rational. Then by using the equation of the affine hyperplane aff(τ ) ⊂ R 3 for pa = qb = 2 we can easily prove that also their intersection aff(τ ) ∩ {v 1 = 1} ∩ {v 2 = 1} is rational. By the proof of Proposition 4.1 this implies that λ is a root of ζ σ . Hence the multiplicity of the factor t − λ in Z τ is
and λ is a root of Z τ . This completes the proof for the case n = 3. In the general case, we use a unimodular linear transformation of {v i = v j = 0} ≃ R n−2 ⊂ R n to reduce the problem to the case where the (n − 3)-dimensional lattice simplex σ in {v i = v j = 0} ≃ R n−2 is contained in {v i = v j = 0, v k = c} for some k = i, j and c ∈ Z. Then we can prove the assertions completely in the same way as in the case n = 3. This completes the proof.
Motivated by this proposition, we introduce the following definitions. Definition 4.3. Let τ be an (n − 1)-dimensional lattice simplex contained in a compact facet of Γ + (f ).
1. We say that τ has a corner of codimension r if there exist 1 ≤ i 1 < i 2 < · · · < i r ≤ n such that τ ∩ {v i = 0} is a facet of τ if and only if i ∈ {i 1 , i 2 , . . . , i r }.
2. If τ has a corner of codimension r for 1 ≤ i 1 < i 2 < · · · < i r ≤ n, then we set
Then by the proofs of Propositions 4.1 and 4.2 we can prove also the following result.
Proposition 4.4. Let τ be an (n − 1)-dimensional lattice simplex contained in a compact facet of Γ + (f ). Assume that τ has a corner of codimension 3. Then Z τ (t) ∈ C(t) is a polynomial of t. If we assume moreover that τ is not a B 1 -pyramid, then λ = exp(−2πi
Proof. As the proof of Proposition 4.2 we can reduce the problem to the case n = 4. Then we may assume that i 1 = 1, i 2 = 2, i 3 = 3. We set
We may assume that τ is a tetrahedron with vertices Q, A, B, C such that σ 1 = QA, σ 2 = QB, σ 3 = QC and ρ = Q and Then we can prove that Z τ is a polynomial of t by a slightly complicated number-theoretic argument. Let us prove the remaining assertion for λ = exp(−2πi
) ∈ C. If the heights of τ from the three coordinate hyperplanes {v 1 = 0}, {v 2 = 0}, {v 3 = 0} ⊂ R 4 are sufficiently large, the assertion is trivial. We classify the (finitely many) remaining cases and apply the argument in the proof of Proposition 4.2 to each of them. More precisely, if the two affine subspaces aff(τ ) ∩ {v 1 = 1}, aff(τ ) ∩ {v 2 = 1} (4.14)
of R 4 are rational, we can prove the rationality of their intersection aff(τ )∩{v 1 = 1}∩{v 2 = 1} also for the cases (pa, qb) = (2, 3), (2, 4) , (2, 5) and (1, d) (d ∈ Z >0 ) etc. By using this result we can prove that the multiplicity of the factor t − λ in Z τ is positive in all the remaining cases. This completes the proof.
Together with Proposition 3.2, following the strategy of Lemahieu-Van Proeyen [10] we can now confirm the monodromy conjecture for non-degenerate hypersurfaces in many cases also for n ≥ 4. In the case n = 4 there are some exceptional facets of Γ + (f ) (along the intersections of two coordinate hyperplanes in R 4 + ) which are not B 1 -pyramids but are divided into two B 1 -pyramids. Their contributions to the monodromy zeta function Z f (t) are trivial. However, in the same way as the proof of Proposition 3.2, we can show that the candidate poles of Z top,f (s) contributed only by them are fake. We conjecture that the assertions in Proposition 4.4 hold true also for any codimension r ≥ 3.
